Orbital Ice: p-band Mott insulator
on the diamond lattice
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Outline

Geometrical frustration:

— Macroscopic ground-state degeneracy.
— Perturbations — rich and diverse magnetic phases.

Spin ice:

— Fractionalized excitations: magnetic monopoles.
— Emergent gauge structure and coulomb phase.

Orbital ice:

— p-band Mott insulators in optical diamond-lattice.
— Exact many-body ground states forming a ice manifold.

Conclusion and outlook.



Geometrical frustration

Triangular Ising antiferromagnet

\

) I */ I * \I \*
One frustrated bond on each A.

# of ground states I/Vgs = eCODSth

const = 2 OW/B In(2 cosx) dr = 0.323066

Residual entropy S = kpln Wy oc N.

No long-range spin order down to 17" — 0.
power-law spin correlation (S, - Sg) ~ const /r?.

G. H. Wannier, R.M.F. Houtappel (1950)




Antiferromagnet on Bi-Simplex Lattice

pSi-Si=52a 84 345 8i0S; =3 ¥k 8wl
Ground states: total spin = 0 on every simplex
SA=0 (VA) Sx =0 (VX)



How many Ground States !

Discrete Spins (e.g. Ising spin):

MV*/*A A

6 out of 2% = 16 configurations satisfy Sg = 0, a fraction of %.

v v

Number of ground states: Wy & (Q)Ntet x 2N =exp (5 In2).

[Niet = N/2|

—> Residual entropy: = = kp2In2 = 1.68 J/(mol K).

[Pauling’s estimate]

Experimental spin-ice Dy TisO7: So/N = 1.86 J/(mol K).
[Bramwell and Gingras (2001)]



Continuous (Heisenberg) Spins

S = 0 <
Ground states Z

Rigid rotation +(6, ¢)
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Macroscopic degeneracy :
Hypersensitivity to perturbations

Relieving the frustration:

e Quantum fluctuations (order-by-disorder):
Valence bond solid

e Further neighbor interactions:
Néel order, spin nematic

e Long-range dipolar interaction:
Spin ice (HoyTioO7 and DysTis Or)

e Spin-Lattice coupling:
Néel order (ZnCryOy4, CdCry04)

e itinerant electrons, double-exchange coupling:
Non-coplanar magnetic order



Further-neighbors:

J1-J2 Heisenberg spins oo

on pyrochlore lattice

0.02

-0.04

-0.06

G.-W. Chern, R. Moessner,
O. Tchernyshyov, PRB (2008).

Classical
spin liquid

Multiple-q
magnetic order



Spin-Lattice coupling
e magnetoelastic coupling:
Eij — J(TZJ)SZ y Sj — J()SZ . Sj -+ J’5'rz-j(Si . SJ)
o clastic energy: %(dr;;)?.
= Eet = » [JS;-S; — K(S;-S;)’]
(27)
e Collinear spins
in ground state !

e Tetragonal flattening
along =, 1, and z.

O. Tchernyshyov, R. Moessner, S. Sondhi, PRB (2002)
G.-W. Chern, C. Fennie, O. Tchernyshyov, PRB (2006)




J.-H. Chung et al., (2005).

EX: Cdcrz 04 e Ist-order transition at T = 7.8 K.

e Tetragonal distortion

Staggered distortion: a=b<ec
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Coupling to Itinerant electrons

e Double-exchange or Kondo-lattice model:
H — JZS .S, G.-W. Chern, PRL (2010)

+KZS7, cwaagcw —tZ( Cio m%—hc)

SU(2 ) invariant Hamﬂtoman No spin anisotropy.

Chiral Non-coplanar magnetic order !

e/t




Spin Ice:
e Pyrochlore ferromagnet of rare-earth ions.
(e.g. DisTisO7 with S = 15/2)

e Strong crystal-field anisotropy Acr ~ 200 K
along local [111] axis = S; ~ 0;e; at T ~ 10 K,
Classical Ising spins o; = +1.

A
wazﬂ wal

e a simple Spin-ice Hamiltonian:
JF JF 2
H = —JFZSz . Sj = —F? ZO'Z'O'J' = —|—F ZO'@.
(i7) (i7) X
= Ising antiferromagnet on the pyrochlore lattice




Ice Rule water ice

He _
e Local 2-in-2-out order: e
o= 0;=0 ice rule
ieX

spin ice

AF Ising
model

XK AKX >< K s

e Macroscopic degeneracy:

1_
NkB 2“2



Evidence of ice-rule (residual entropy):

(R. Melko et al., PRL 2001, A. P. Ramirez et al. Nature ‘199‘9)
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Why ‘dipolar’ spin ice obeys ice rule ?

e A realistic Hamiltonian: (J~1~2K and D ~ 1.4 K)

J Da? €€, 3(ei-rz~)(e- rz)
H:§<Z;Ji0-j+TZjO-iaj 33— J J J
17 7

re. 7“.5.

¥ ¥

J \
I |
exchange dipolar
interaction Foy interaction Eqjp

e For spins {o;} satisfy ice rules: ) . o0, = 0 for all X.

= Fex ({0;}) = const.

However, Why is the dipolar energy also
almost the same, Fq;p, ({0;}) =~ const 77



Dumbbell Picture

Why is the long-range dipolar interaction (almost) irrelevant ?

- H quad

g
Qo = Y o; : magnetic charge of a tetrahedron
(1Yo’

e Low-energy states: (), = 0 = 2-in-2-out ice rule !

e All microscopic ice states have (almost) the same energy.

® Hyuad ~ O(1/7)3) responsible for the low-T" magnetic ordering.



Fractionalization: Magnetic Monopoles

(C. Castelnovo et al. Nature 2008)
(Z. Nussinov et al. PRB 2006).

| \ Q ==+2u/a
ice rule: Q =0 a flipped dipole two deconfined
T | | | | monopoles !
-1y
5 _ @
e 4 r
o Monte Carlo . .
Bd | | | 1 3D Coulomb interaction

2 4 6 8 10
distance (a)



Observing monopoles

Dirac quantization:

214~ 9D

e monopole charge: q,, = == =~ 3. (eqp = Z_ZL, n=0,1,2,--)

= Difficult (but not impossible) to observe directly.

e Liquid-gas transition of e Magnetic relaxation in
monopoles: spin ice:
(C. Castelnovo et al. Nature 2008) (L. Jaubert et al. Nature Phys. 2009)
1.2 w w \ ‘ ‘ ‘ ‘ ‘ 1 T T T T T
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Is the ice phase really ‘featureless’ ?

correlation




Emergent Gauge structure
e Define a ‘magnetic’ field: B(r;) = S; = 0;e,,(;).

# of ice state = 1 = lots of ice microstates

Z= ¥ e ®xV f5(B)
entropy density: \
> So — 5 Bl

ice states
2 + ..

? Bk )2
:ZQ/DB(r)e J d’r3|B| B

0 Bmax




Emergent Coulomb phase

(Isakov et al. PRL 2004)

Ice rule = Z ;i = 0 (Ising spins) (C. Henley PRB 2004)

el
= V - B(r) = 0 (coared-grained approx)

e emergent magnetostatics (Coulomb phase):

7 - ZO/DB NG o= J 5B

_Z’/DA [dPrE|VxA@? (B=V xA)

e Dipolar correlation:
(Bi(r) B;(0)) ~ Jr g

k ro g

= Pinch-pint singularity
in structure factor:




Transition out of Coulomb phase

e Residual quadrupolar interaction
= 1st-order transition to a 7

g = (001) magnetic order.
(R. Melko et al. 2001)

e Coupling to electrons (RKKY): /
= lst-order transition to a

q = (001) magnetic order
(A. Tkeda & H. Kawamura, 2008)

e Magnetic field H || [001]
= Kasteleyn transition to a
g = 0 magnetic order.

e Uniaxial pressure \g

= infinite-order transition to a

g = 0 magnetic order. AN
(L. Jaubert et al. 2008, 2010)




Other ‘ice’ models: Klein S-1/2 model

e Klein spin-1/2 model on pyrochlore lattice:
(Z. Nussinov, C. D. Batista, B. Normand, & S.A. Trugman, PRB 2007)

X

e Ice rules = hard-core dimer covering:

AL AN

e [Fractionalized excitations:
Deconfined spinons (monopoles) in 3D.




Other ‘ice’ systems: magnetic nano-arrays

e Artificial spin ice in 2D square and kagome lattices:

checkerboard ice

o 00 2 b)
°o¢ cr %(3 /
q %- / \_ /
b N/ N2
Wy W,
J N N
/ N\




More artificial ices: i L c rechma

& C. J. Olson Reichhardt (PRL 2006)

. double-well
‘e charged colloidal traps

particals on arrays

of optical traps A‘g)
 _

colloidal
. . particles
e vortices 1n
nanostructured A. Libal, C. J. Olson Reichhardt,
superconductors & C. Reichhardt (PRL 2009)

double-well

pinning sites




Kagome vs. Pyrochlore spin ice

e Minimizing magnetic charges @:
= QA = £1 in kagome vs. ()g = 0 in pyrochlore

e Two-stage ordering in kagome spin ice.

(G.-W. Chern et al., PRL 2011)
ordering of

magnetic charges QA
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New frustrated systems on cold-atom
optical lattices

e Increasing U/t = Mott-insulating phase of cold atoms.
e Loading spinless (or polarized) fermions: 2 atoms per site.

= Remaining degrees of tfreedom:
localized orbitals (p, p,, and p,).



Orbital exchange physics

e Fnergy gain through 2nd-order perturbations:

e Exchange Hamiltonian: i) = Ny |py) + Ny |py) + 12 |p2)
Hij =—J [Pz'ﬁ(l _ Pgﬁ) + (1 - Piﬁ)Pyﬁ]

Pﬁ _ ]ﬁ> <ﬁ| : PI‘O.JeCtIOH. operator ?f
active orbital along n



2D Square and honeycomb lattices

e Square lattice: AF Ising model

H=J3 mm n={ 1] b
(ig) Y




3D Cubic optical lattice
Anisotropic g=3 AF

e/J
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e residual entropy:
S ~ 0.59 k B
e disordered orbitals.

e cxponential orbital
correlation:

C’T(L) ~ eXp(_L/f)



P-band Mott insulator on diamond lattice

Q .
e there are 4 distinct n.n. bonds: ﬁu ﬂ @ £

= [111], Ay = [111], [ o
= [111], iz = [111] ef@ D

e orbital projectors along the 4 neighbors: S - 6 .
1 i — A

Pm:—(1+\/§,u-nm) 0 00
3 e =1 0 0 1
e pseudovector i = (fiy, fby, tbz) 0 10
1
= Quantum ‘tetrahedral’ Hamiltonian for 1 = 8 8 0
pseudovectors {i: } ’ 1 0 0
eX_JY S™ (s i) (7 - i)
Wy = 1 0 O
0 (ij) ||nm 0 0 0

([Has pg] # 0, for o # B)



Mean-field ground states

e Gutzwiller products ansatz:
N
) = || ©l6:, ¢:)
1=1

e Single-site wavefunction:
6, @) = sin 0 cos ¢|p,) + sinOsin p|p,) + cosO|p,)
= (ji) = (sin2@sin ¢, sin 26 cos ¢, sin® @ sin 2¢)

e Monte Carlo minimization of Fy = (V|Hog|V):

— Macroscopic degeneracy of Gutzwiller ground states.
— pseudovector (ji;) = +7, +¢, and +2" in the ground state.
— Each bond (ij) has exact energy E;; = —J/3.



Ground-state structure:

e Orbitals in the ground states:

E=p \:\ ’py> j:; p2) ‘:|:gj> — ‘pz> + ‘pa:>

7 /7 ,/’w 7 // /“\\\ ~—— A

e Ising variables for the 4 bonds attached to site r;: | _»>
o™ = V3, - 1) = +1
(m=20,1,2,3)
e Ground-state constraint:

o' o' =—1, V(i)

(‘ice’ rule for orbitals !)




Exact Eigenstates

e Ground-state conditions:

1. Cubic anisotropy:
</jz> = :l:f, , and +7.

2. {0} satisfy Ice rules:
ot ot = —1 V(ij).

e The extensively degenerate Gutzwiller states:

W) = [+Z1 Q|- 1) ® |-T)3 @ +Z)a @ |+ )5 @ - - -

are exact eigenstates of the orbital exchange Hamiltonian !

2
Hex‘\lj> — _§N‘]’\Ij>

also confirmed by exact diagonalization.



Mapping to pyrochlore spin ice:

e How to characterize the degeneracy of the
Gutzwiller ground states ?

e Pyrochlore is the “medial” lattice of the diamond structure
= placing spins at the bond midpoints of diamond lattice.

e a 1-to-1 mapping of orbital ground state and
spin-ice state on pyrochlore !



Orbital Coulomb phase (orbital ice)

e The six cubic directions of (fi) are mapped to
the six 2-in-2-out ice states.

RO

e Pauling estimate of entropy density: sop = kg In % ~ 0.405 kp

e Dipolar-like power-law orbital correlations:

The pseudovector plays the role of the emergent ‘magnetic field’:
B(r;) ~ +(ii;) = icerule: V-B(r) =0

31w — 10, 1
() 1 (0) ) ~ ===~




Orbital correlation functions

e (Classical Monte Carlo simulations with non-local ‘loop’ updates
on pyrochlore spin ice

e Correlation function C),(r) = (ji(r) - Z(0))

CH T T T T T T — In CM T T T
(a) ’ (b)
0.8 1 sl |
Q
0.6 1 sl O |
0.4 1 51 . |
0.2 1 &l M ]
const —31In L o
0 Q
9 5 -
0 2 4 6 8 10 12 14 05 1 15 2 25
r In L
Liquid-like short-range  Finite-size scaling (L: system size)
correlation 1
Cu(L/2) ~ =



Conclusion and QOutlook

e A orbital analog of ice.

— a first example of orbital Coulomb phase.\ N
P

— could possibly be realized in optical diamond lattice.

e Fract many-body ground states
which form a degenerate ice-manifold
of a nontrivial quantum Hamiltonian.

|\Ij>:|—|—f>1®| >2®|—f>3®|—|—2>4®| >5®...

= Experimental signature of orbital ice:
structure factor, time-of-flight measurement ...

= (exact) Elementary excitations ?
Monopole-like quasiparticles 7



